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(a = 2; 3): (5)




















































orthogonal to the vector elds f@
a
g. Notice that v is the aÆne parameter of the out-going null vector eld. The




whose norm is  2h, which can be either negative, zero,
or positive. The intersection of two hypersurfaces u; v = constant denes a spacelike compact two-surface N
2
, which
are coordinatized by y
a
. The metric on N
2
is decomposed into the area element e

and the conformal two-metric 
ab
,




In the terminology of the bre bundles, the base manifold is the (1+1)-dimensional space-time coordinatized by (u; v),
and the bre space is 2-dimension spacelike space N
2




g, which are orthogonal to f@
a
g, is the
horizontal vector eld, and f@
a
g is tangent to the bre space N
2
. The elds A
a

are the corresponding connections
valued in the dieomorphisms of the two-surface N
2
[2, 3, 4].
For later uses, we shall write down the future-directed in-going null vector eld n and out-going null vector eld l,
orthogonal to two-surface N
2















and are normalized such that
< n; l >=  1: (10)
If we further assume that A
a
 
= 0, then the metric (2) becomes identical to the metric studied in [16]. In this note,
however, we shall retain the A
a
 
eld, since its presence will make the N
2
-dieomorphism invariant Yang-Mills type
gauge theory aspect of this formalism transparent. Apart from the N
2
-dieomorphism invariance, there are other
residual symmetries that preserve the metric (2), which are the reparametrization of u, and the transformation that
shifts of the origin of the aÆne parameter v at each point of N
2
[17].













































































































































































































































































































































































































































































































































































































is the scalar curvature of N
2
, and we dened the diN
2

























































is the Lie derivative of f
ab









































where w is the weight of the tensor density f
ab
. One can also compute the scalar curvature R of the metric (2) and
















+ surface integrals; (23)











































































One can easily recognize that this \Lagrangian" function L
0
is in a form of a (1+1)-dimensional eld theory
Lagrangian. In geometrical terms the function L
0
describes how the (1+1)-dimensionsal spacetime and 2-dimensional
bre space are imbedded into an enveloping (3+1)-dimensional spacetime. Each term in (24) is manifestly diN
2
-
invariant, and the y
a
-dependence of each term is completely \hidden" in the Lie derivatives. In this sense we may
regard the bre space N
2
as a kind of \internal" space as in a Yang-Mills theory, with the innite dimensional group
of dieomorphism of N
2
as the Yang-Mills gauge symmetry. Thus, the above function L
0
is describable as a (1+1)-
dimensional Yang-Mills type gauge theory interacting with (1+1)-dimensional scalar elds and non-linear sigma elds
of generic types.
II. A SET OF QUASI-LOCAL CONSERVATION EQUATIONS
Notice that the four equations (11), (12) and (15) are partial dierential equations that are rst-order in D
 
derivatives. Therefore it is of particular interest to study these four equations, since they are close analogues to
the Einstein's constraint equations in the usual (3+1) formalism. Thus, in this formalism, the natural vector eld
4that denes the evolution is D
 






















































































































is found to be
H
0
= H + total divergences; (33)





















































































































































































































) = 0: (37)
These are the four rst-order equations in the gauge (2), and it is these equations that we are concerned with in this




































































5The integrals of these equations over a compact two-surface N
2
become, after the normalization by 1=16,
@
@u




















































































f) = 0 (43)
for a scalar density f with the weight  1. Here U (u; v), P (u; v), and L(u; v; ) are invariant two-surface integrals
dened as





































































in order to satisfy the equations (40), (41), and (42), respectively. In general the subtraction terms are not unique,
and the \right" subtraction term may not even exist at all in a generic situation. One natural criterion for the \right"
choice of subtraction term would be that it must be chosen such that the quasi-local physical quantities reproduce
\standard" values in the well-known limiting cases.
One can write the r.h.s. of the equation (40) in a more symmetric and suggestive form as follows. To do this, let
us contract the equation (37) with A
a
+
and integrate over N
2





























































































is a generic eld and 
i
is its conjugate momentum. Notice that the r.h.s. of the conservation equations






In a region of a spacetime where @=@u is timelike, these quasi-local equations becomes quasi-local conservation
equations, which relate the instantaneous rates of changes of two-surface integrals at a given u-time to the associated
net ux integrals. Let us remark that, unlike the Tamburino-Winicour's quasi-local conservation equations[11] which
are \weak" conservation equations since the Ricci at conditions (i.e. the full vacuum Einstein's equations) were
assumed in their derivation, our quasi-local conservation equations are \strong" conservation equations since only the
four rst-order equations were used in the derivation.
6It is interesting to notice that we can obtain yet another quasi-local conservation equation. This is simply achieved











































which relates the instantaneous u-derivative of the two-surface integral on the l.h.s. to the net ux integral on the
right. However, the r.h.s. of this equation is not quite \canonical" due to the last term. If we restrict the eld A
a
+







which is essentially the same condition (38) that 
a
satises, then the last term in the r.h.s. of the equation (52)
































































just as the r.h.s. of the equations (42) and (49) do.
III. GEOMETRICAL INTERPRETATIONS
Remarkably, the two-surface integrals (44), (45), (46), and (55), which were derived using the metric (2), can be
expressed geometrically, in terms of the area of the two-surface and a pair of in-going and out-going null vector elds
orthogonal to that surface. In order to show this, we need to invoke the denitions of in-going and out-going null
vector elds fn; lg dened in the section I.
A. Quasi-local energy
Let us rst observe that the integral in (44) can be written as the Lie derivative of the scalar density e

along the

























































7The identity (58) follows trivially from the observation that the null vector eld n is out of (in fact, orthogonal
to) the two-surface, which means that the order of the integration over d
2
y and the Lie derivative $
n
in (57) is






















For a reference term









where n is a future-directed in-going null vector eld of a background reference spacetime ds
2
into which the two-
surface N
2


















































































only, the embedding degrees of freedom of the two-surface. Thus, the quasi-local energy
of a given two-surface N
2
is dened relative to some xed background reference spacetime, and is zero when the
two-surface under consideration is embedded into the xed background reference spacetime, i.e. when
n = n: (64)
Therefore, the quantity U (u; v), which will be interpreted as the quasi-local energy, becomes











It is given by the rate of change of the area of a given two-surface along the future-directed in-going null vector eld
n, relative to some background null vector eld n. Notice that this denition is entirely geometrical, referring to the
area of a given two-surface and the orthogonal null vector elds n (and n) only.
B. Quasi-local linear momentum















































l is a future-directed out-going null vector eld of a background reference spacetime, then P becomes,












Thus, the quasi-local integral P (u; v), which is to be interpreted as the quasi-local linear momentum, is given by the
rate of change of the area of a given two-surface along the future-directed out-going null vector eld l relative to

l.
8C. Quasi-local angular momentum
Let us also write down the two-surface integral (46) in a geometrical way. Notice that the Lie bracket of the two






























































This shows that (70) is an invariant two-surface integral of the Lie-bracket [n; l]
L
projected to the spacelike vector


























































It must be stressed 
a
is an arbitrary function of fv; y
b
g. In particular, it need not satisfy any Killing's equations
associated with isometries of a spacetime, or of a two-surface within a given spacetime. The quantity L(u; v; ), a
linear functional of 
a





), as we will see later.
D. Quasi-local Carter's constant
Likewise, the fourth integral (55) can be written as








































which may be interpreted as a quasi-local, nite, analog of the Carter's \fourth" constant, as we shall see in the next
section.
IV. ASYMPTOTICALLY FLAT LIMITS
The equations (40), (41), and (42) turn out to be quasi-local energy, linear momentum, and angular momentum
conservation equations, respectively[4], and the equation (54) is interpreted as a quasi-local conservation equation of
the generalized Carter's constant[18, 19, 20]. In this section we shall evaluate the two-surface integrals (65), (68),




, and show that they all
reduce to the well-known Bondi energy, linear momentum, angular momentum, and the corresponding ux integrals
dened at the null innity. The asymptotic form of the \fourth" integral (74) at the null innity will be also computed,
and it will be shown that it is proportional to the total angular momentum squared.




























































































9where @=@u is asymptotic to the timelike Killing vector eld at innity. The asymptotic fall-o rates of the metric






































































































































































A. The Bondi energy-loss relation
Since the integrand of the r.h.s. of (49) assumes the typical form of energy-ux, we expect that it represents the
energy-ux carried by gravitational radiation crossing S
2
. Then the l.h.s. of (49) should be the instantaneous rate
of change in the gravitational energy of the region enclosed by S
2
. The energy-ux integral in general does not
have a denite sign, since it includes the energy-ux carried by the in-coming as well as the out-going gravitational
radiation. But in the asymptotically at region, the energy-ux integral turns out to be negative-denite, representing
the physical situation that there is no in-coming ux coming from the innity.
Let us now show that the equation (49) reduces to the Bondi energy-loss formula[17] in the asymptotic region of
asymptotically at spacetimes. To show this, let us rst calculate U (u; v) in the limit v  !1. Since the null vector
























h = 1: (86)




















U (u; v) := U
B
(u) = m; (88)
10
































































representing the shear degrees of freedom of gravitational radiation.
B. The Bondi linear momentum and linear momentum-ux
Let us now evaluate P (u; v) in (68) and the corresponding quasi-local momentum ux integral in the asymptotic




P (u; v) := P
B
(u) = 0; (92)





(u) = 0: (93)
The result (93) can be also obtained by evaluating each term in the \Hamiltonian" function H (41). To evaluate
the momentum-ux term by term, let us notice that the fourth and the seventh term in (34), which are non-zero























































where we used the denition (29) of 
ab






























































where  = 2 for a two-sphere S
2





(u) = 0: (98)
C. The Bondi angular momentum and angular momentum-ux
The total angular momentum at the null innity is naturally dened as the limiting value of the general quasi-local
angular momentum L(u; v; ) in (73),
lim
v!1




Since the background elds n and











(u; ) = 0 (101)


























which is just the total angular momentum of the Kerr spacetime.













































































































Since  is asymptotically given by




























































where we used that
$
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)  ! 0: (115)













































which is precisely the Bondi angular momentum ux at the null innity[26].
D. Gravitational Carter's constant







J(u; v) := J
B
(u): (118)








(u) = 0: (119)










(u) is (twice of) the angular momentum squared, deserveing the name the gravitational analog of the Carter's
\fourth" constant at the null innity.
V. IN-GOING NULL COORDINATES
One might be also interested in applying this formalism to black holes, and try to obtain quasi-local quantities
dened on the black hole horizon and corresponding uxes incident on that horizon. For this problem, it is appropriate













































































If we repeat the same analysis as in the previous chapters using the metric (121), we obtain a new (but equivalent, of












































































































































A new set of quasi-local conservations equations are found to be
@
@u















































































































where U (u; v), P (u; v), L(u; v; ), and J(u; v) are dened as
























































































as in (40). In geometrical terms, these quasi-local quantities can be expressed as,


















































































































are future-directed in-going and out-going null vector elds of a background reference spacetime
ds
2
























































































Recall that the event horizon is a global concept which is inseparable from the notion of innity. Therefore, in
order to discuss the dynamics of black holes quasi-locally, we have to introduce a new notion of quasi-local horizon,
which refers to the quasi-local region only. We dene the quasi-local horizon H as a three-dimensional hypersurface




, which is an arbitrary vector eld except that it is asymptotic to the timelike Killing









>=  2h = 0: (144)
The location of the quasi-local horizon H can be found by solving the equation
h(u; v; y
a
) = 0 (145)














which is out-going null on H.
Let us remark a few properties of this quasi-local horizon. First, the quasi-local horizon is dened for generic





does. In this sense the quasi-local horizon is not a spacetime invariant but a covariant notion. Even








is non-spacelike, however, the










so that h = 0 on the Killing horizon v = 2m. Moreover, since the quasi-local horizon is generated by the out-going
null vector elds, all the uxes crossing the quasi-local horizon is purely in-going, just like the stretched horizon of
Price and Thorne.
In this section, we shall delimit our discussions of the quasi-local conservation equations to the quasi-local horizon
H, and nd that the quasi-local conservation equations on H coincides exactly with the quasi-local conservation
equations of Price and Thorne[27] dened on the stretched horizon.
15
A. Surface gravity 
In order to discuss the dynamics of quasi-local horizon, it is useful to introduce the notion of the surface gravity 












becomes a generator of H, since we have

















where A is a spacetime index such that A = f+; ; ag. Notice that this function  can be dened on any null
hypersurface. When the null hypersurface coincides with the event horizon, this function is the surface gravity of
the corresponding black hole. But one may use the same terminology for  on a quasi-local horizon H, since it is a




has a zero norm on H does not have











where @=@u and @=@' are timelike and axial Killing vector elds, and 

H
is the angular velocity of the Kerr horizon
relative to the Killing time.
Let us compute  on the quasi-local horiozn H. In the basis f@=@u, @=@v, @=@y
a














= ( 2h; 1; 0): (152)
















Notice that, in general,  is not constant over H so that
@
+
 6= 0; @
a
 6= 0; (155)
which reects the dynamical nature of the quasi-local horizon H.
B. Quasi-local energy conservation on H




















































































































































This equation was studied in detail in Eq. (6.112,E) in [27].
It is interesting to discuss the limiting case when the quasi-local horizon H coincides with the event horizon. When
this happens, the area A
H













)  0: (160)




is chosen zero, then by the equation (157), U
H
is non-positive, and when the




= 0, then U
H
becomes zero. For instance, for a Schwarzschild or Kerr








This counter-intuitive aspect is a manifestation of the well-known teleological nature of the event horizon. That is,
when the event horizon evolves, its quasi-local energy must be negative so as to cancel out the positive in-ux of energy
carried by subsequently in-falling matter or gravitational radiation, leaving U
H
= 0 when the black hole reaches the
nal stationary state.
C. Quasi-local momentum conservation equation on H
Let us mention that the momentum equation (133) has a similar structure to the integrated Navier-Stokes equation
































































and  and  are the coeÆcients of shear and bulk viscosity, respectively. This equation tells us that the rate of the net
momentum change of a uid within a given volume is determined by the net momentum-ux across the two-surface
enclosing the volume. Notice that the \Hamiltonian" function H in (131), which is at most quadratic in the conjugate
momenta 
I
, assumes the form of momentum-ux of a viscous uid. Namely, terms quadratic in 
I
may be viewed
as responsible for direct momentum transfer, terms linear in 
I
as viscosity terms, and terms independent of 
I
as pressure terms. From this point of view, one may interpret the \Hamiltonian" function H as the gravitational














as the quasi-local gravitational momentum within N
2
































































where  = 2 for a two-sphere. The second and third terms are quadratic in the momenta, and the last term is linear
in the momentum. It is curious that this conservation equation is missing in the work of Price and Thorne[27]. Let

























D. Quasi-local angular momentum conservation equation on H
In this section, we shall show that the equation (134) when restricted to the surface H coincides with the quasi-local
angular momentum equation of Price and Thorne on the stretched horizon. Let us rst notice that the equation (134)
































































The equation (169) turns out to be identical to the angular momentum conservation equation of Price and Thorne,




































































































































f) = 0 (175)
for any scalar density f with the weight  1. Using the denitions of L
H
in (174) and 
H
a




































































































































where we used the diN
2



























































































































































































































































































































for an arbitrary function 
a
that satises (178). This shows that the two equations (169) and (171) are identical.
VII. SUMMARY
In this note, I presented a set of quasi-local conservation equations that were found while studying the Einstein's
equations using the (1+1)-dimensional description, and studied physical signicances of these conservation equations.
The key observation is that the aÆne coordinate v can be treated as a natural time coordinate in this formalism. The
subsequent Hamiltonian formalism was developed with respect to this time coordinate. One of the outcomes of this
analysis is the discovery of a set of Bondi-like quasi-local conservation equations for the vacuum general relativity,
which reproduce both the well-known conservation equations in the asymptotic null innity in asymptotically at
spacetimes and the corresponding conservation equations on the inner quasi-local horizon of a generic dynamical
spacetime. All of these quasi-local quantities are expressed in geometrically invariant terms such as the area of the
two-surface and a pair of null vector elds orthogonal to that surface. It was also found that each quantity has
a natural interpretation as the quasi-local energy, linear momentum, and angular momentum of a two-surface and
corresponding uxes crossing that surface.
In addition to the above quasi-local quantities, we also obtained the quasi-local analog of the Carter's \fourth"
constant of gravitational eld, which is somewhat like the angular momentum squared, measuring the \intrinsic"
angular momentum of a two-surface. The Carter's \fourth" constant is known to exist for spacetimes that possess
two commmuting Killing vector elds such as the Kerr black hole. But in our analysis, it was found that the quasi-local








which is much less restrictive than the existence of two-commuting Killing elds.
Dynamics of the quasi-local horizon was discussed briey, but it deserves further studies. Applications of this
formalism to astrophysical problems involving black holes and gravitational radiations are extremely challenging.
These problems are left for future works.
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